The study of amalgamation in the category of partially ordered monoids was initiated by Fakhuruddin in the 1980s. In [5] he proved that an absolutely flat commutative pomonoid is a weak amalgmation base in the category of commutative pomonoids. He also proved that every commutative pogroup is a strong amalgmation base in the category of commutative pomonoids. After more that twenty years, Bulman-Fleming and Sohail in 2011 extended this work to what they referred to as pomonoid amalgams, and details of their work can be found in [3] and [4] . In particular they proved that pogroups are poamalgmation bases in the category of pomonoids. Sohail in [10] proved that absolutely poflat commutative pomonoids are poamalgmation bases in the category of commutative pomonoids.
Introduction and Preliminaries
For background material on semigroups, monoids and acts over monoids we refer the reader to [8] and for that relating to S−posets we refer to [1] and [2] . We start with a brief resumé of the category of S−posets where S is a pomonoid and introduce some basic results on tensor products, direct systems and pushouts many of which are needed for later sections. Section 2 introduces the important concept of a free extension and we show how the amalgamated free product of an amalgam of pomonoids can be viewed as a direct limit of posets constructed from these extensions. This work is very similar to the situation in the unordered case (see [11] ) and some of the technical details have been omitted for brevity as they follow a similar argument to that case. However there are a number of differences in the pomonoid case and we have illuminated these where necessary. An ordered version of the extension properties is introduced and it is shown that weak amalgamation pairs have this extension property. Section 3 concerns a number of ordered versions of the unitary property. Unitary submonoids were first shown to be strongly connected to amalgamation by Howie in his pioneering work [7] . We introduce the concept of strongly pounitary submonoids, which we feel is a more natural analogue to unitary submonoids particularly with respect to amalgamation, and culminate this section with an ordered version of Howie's original result. Finally in section 4 we consider briefly the situation for commutative pomonoids.
A monoid S is said to be a partially ordered monoid or a pomonoid if S is endowed with a partial order ≤ which is compatible with the binary operation on S such that ∀s, t, u ∈ S, t ≤ u ⇒ st ≤ su and ts ≤ us.
The map f : X → Y , where X and Y are posets, is said to be monotone if ∀x, y ∈ X, x ≤ y ⇒ f (x) ≤ f (y), while it is said to be an order embedding if ∀x, y ∈ X, x ≤ y ⇔ f (x) ≤ f (y). Clearly order embeddings are one-to-one and monotone. The map f is said to be an order isomorphism if it is a surjective order embedding. It is worth noting that in the category of posets, to demonstrate that a map f : X → Y is well defined, it suffices to show that it satisfies the 'monotonic property' f (x) ≤ f (y) whenever x ≤ y. We shall make frequent use of this without further reference. If S is a pomonoid and A is a non empty poset, then A is called a right S−poset if A is a right S−act and the action is monotonic in each of the variables. That is to say 1. a1 = a and a(st) = (as)t for all s, t ∈ S, a ∈ A;
2. if a ≤ b ∈ A, s ∈ S then as ≤ bs; 3. if a ∈ A, s ≤ t ∈ S then as ≤ at.
Left S−posets are defined dually. If A is both a left S−poset and a right T −poset for pomonoids S and T , and in addition (sa)t = s(at) for all s ∈ S, a ∈ A, t ∈ T then we call A an (S, T )−poset. If A and B are S−posets then the map f : A → B is said to be an S−poset morphism when f is both monotonic and an S−morphism. In the category of S−posets the monomorphisms are exactly the one-to-one S−poset morphisms and the epimorphisms are exactly the onto S−poset morphisms [2] .
As in [2] , a congruence θ on an S−poset A is an S−act congruence with the additional property that A/θ can be endowed with a suitable partial order so that A → A/θ is an S−poset morphism. It can be shown that an S−act congruence ρ on an S−poset A is an S−poset congruence if and only if a ρ b whenever a ≤ ρ b ≤ ρ a where a ≤ ρ b is defined by a ≤ ρ b if and only if there exist n ≥ 1 and a 1 , a
If R is a binary relation on the right S−poset A then the right S−poset congruence ν(R) induced on A by R is defined as
where the relation α(R) is defined by a α(R) b if and only if either a = b or there exists n ≥ 1 and (
The relation α(R) is reflexive and transitive and also preserves the action of S. The order relation on A/ν(R) is defined as aν(R) ≤ bν(R) if and only if a ≤ α(R) b. It is easy to show that for any binary relation R on A, if (x, x ′ ) ∈ R, then (x, x ′ ) ∈ α(R), and thus x ≤ α(R) x ′ . The right S−poset congruence θ(R) = ν(R ∪ R −1 ) is called the congruence generated on A by R.
In the 1980s, Fakhruddin ( [5] ) initiated the study of pomonoid amalgams and this has recently been extended by ). A pomonoid amalgam A = [U ; S i ; ϕ i ] consists of a pomonoid U , called the core, a family {S i : i ∈ I} of pomonoids, and a family {ϕ i : i ∈ I} of order embeddings, ϕ i : U → S i . The amalgam is said to be weakly embeddable (resp. poembeddable) in a pomonoid W if there exist monomorphisms (resp. order embeddings) θ i : S i → W such that θ i ϕ i = θ j ϕ j for all i = j in I. If in addition θ i (S i ) ∩ θ j (S i ) = θ i ϕ i (U ) then we say that the amalgam is strongly embeddable (resp. poembeddable) in W .
We shall see later that the embeddability of amalgams of pomonoids is closely connected with tensor products of certain S−posets. Let S be a pomonoid, let A be a right S−poset and let B be a left S−poset. Then the tensor product in the category of S−posets of A and B over S is the poset given by A ⊗ S B = (A × B)/τ where τ is the poset congruence generated by
When appropriate we normally denote the tensor product by A ⊗ B.
The order on the tensor product A ⊗ B is given as follows (see [12, Theorem 5 .2] for more details). For a, a
and only if there exists n ≥ 1 and a 1 , . . . , a n ∈ A, b 2 , . . . , b n ∈ B, and s 1 , . . . , s n , t 1 , . . . , t n ∈ S such that
If λ: A → B is a left S−poset morphism and if Y is a right S−poset such that [13, Corollary 3.3] ). We can also define tensor products of S−posets in terms of balanced maps in the usual way (see [12, Theorem 5.3] 
In addition Lemma 1.2. Suppose that R, S, T are pomonoids, X is an (R, S)−poset and Y an (S, T )−poset.
Proof. The first part follows easily from the following scheme
For the second part it follows that r⊗(x⊗y)⊗t ≤ r ′ ⊗(x ′ ⊗y ′ )⊗t in R⊗ R (X ⊗ S Y )⊗ T T and so from the observation before Lemma 1.1, and its dual, we deduce that
Let I be a quasi-ordered set. A direct system of right S−posets (X i , ϕ i j ) i∈I is a collection of right S−posets X i and a collection of S−poset morphism ϕ i j : X i → X j , i ≤ j, which satisfies 1. ϕ i i = 1 Xi , and
The direct limit of this direct system is an S−poset X and S−poset morphisms ϕ i : X i → X which satisfy
It is straightforward to demonstrate that the direct limit of any direct system of S−posets exists and is unique up to isomorphism. The set I is called directed if for all i, j ∈ I, there exists k ∈ I such that k ≥ i, j. The first part of the following lemma appears as [1, Proposition 2.5], the other parts are straightforward.
be a direct system in the category of (S, T )−posets with directed index set and let (X, α i ) be the direct limit of this system. Then It is easy to show that it is isomorphic to the quotient of the coproduct F = B∪C by the S−poset congruence ρ generated by
Recall (see [2] ) that the coproduct of B and C is their disjoint union with component-wise order. The maps γ : B → F/ρ and δ : C → F/ρ are given by γ(b) = bρ and δ(c) = cρ respectively. As in the category of S−acts, it is easy to demonstrate that tensor products preserve pushouts. 
Since b ≤ c is impossible then we can assume that we have a system such as ( * ) of minimal length n ≥ 1 such that
Consequently we deduce that
for some a ′ ∈ A and so the result follows.
A subposet X of a poset P is called convex, if for any x, y ∈ X, z ∈ P with
be a pushout in the category of S−posets.
if f and g are convex and if
3. if f is an order embedding then δ is also an order embedding;
4. if f and g are convex and order embeddings and if γ(b) = δ(c) with b ∈ B, c ∈ C, then there exists a unique a ∈ A such that b = f (a) and c = g(a).
if f is convex then δ is convex;
Proof. Part (1) follows easily from Lemma 1.4 and parts (2) and (3) are straightforward while (4) follows immediately from (2) and (3). For (5) suppose that f is convex and
In the latter case d is in the image of δ and so δ is a convex map.
and so δ is convex.
Free extensions, free products and amalgamation
Let U be a subpomonoid of a pomonoid S and let Y be a right U −poset and X be a right S−poset such that f : X → Y is right U −poset morphism. The free S−extension of X and Y is a right S−poset F = F (S; X, Y ) together with a U −poset morphism g : Y → F such that h = gf : X → F is an S−poset morphism and such that whenever there is a right S−poset Z and a right U −poset morphism α : Y → Z such that β = αf is a right S−poset morphism then there exists a unique right S−poset morphism ψ : F → Z such that ψg = α and ψh = β. 
Let g : Y → (Y ⊗ S)/ρ be given by g(y) = (y ⊗ 1)ρ. Then, it is straightforward, as in the unordered case (see [11, Theorem 4 .18]), to show that ((Y ⊗ S)/ρ, g) is the free S−extension of X and Y and that it is unique up to isomorphism.
s. From this we can easily deduce the following useful result. 
From now on, unless specifically mentioned, all tensor products will be over U . As in the category of S−acts, it is possible to define the free S−extension in terms of pushouts.
Lemma 2.3. Let U be a subpomonoid of a pomonoid S, X be a right S−poset, Y be a right U −poset, and f : X → Y be a right U −poset morphism. Then, the free S−extension F of X and Y is the pushout in the category of right S−posets of the diagram
The proof is straightforward and details are left to the reader.
Given a family {S i : I ∈ I} of pairwise disjoint posemigroups. The free product of the family {S i : i ∈ I}, F = * S i is the set of non-empty words a 1 . . . a n with each a k ∈ S i for some i ∈ I, 1 ≤ k ≤ n, and no two adjacent a ′ s in the same S i . A product can be defined on this set such that
Similarly we can define an order on F by a 1 . . . a r ≤ b 1 . . . b s if and only if
It is easy to check that F is then a posemigroup and that F together with the order embeddings θ i : S i → F given by θ i (s i ) = (s i ), is the coproduct in the category of posemigroups of the family {S i : i ∈ I}. Now suppose that ϕ i : U → S i are posemigroup morphisms. Let σ = ν(R ∪ R −1 ) be the posemigroup congruence on F generated by
Define maps µ i : S i → F /σ by µ(s i ) = s i σ. Then we can easily check that P = F /σ together with the µ i is the pushout in the category of posemigroups of the family {S i , ϕ i : i ∈ I}. Suppose that w, w ′ in F and consider the following four types of transitions. We say that w is connected to w ′ by an
3. E−step if any one of the following holds
. In a similar manner to [7] , it is straightforward to show that wσ ≤ w ′ σ in P = F /σ if and only if w is connected to w ′ by a finite sequence of E−, S−, M − or O−steps. We shall make use of this later.
In general we shall restrict our attention to the case when |I| = 2. When ϕ 1 and ϕ 2 are order embeddings, we normally refer to the pushout as the amalgamated free product and denote it by S 1 * U S 2 . Notice that this is the same notation as in the category of S−acts but no confusion should arise. If U, S 1 and S 2 are pomonoids and ϕ i pomonoid morphisms, then by identifying the identity elements of S 1 and S 2 within F , we obtain the coproduct in the category of pomonoids and a similar construction to above will generate the amalgamated free product within the category of pomonoids. If S is a posemigroup and if we denote by 1 S the monoid obtained by adjoining an identity 1 to S regardless of whether S already has an identity, then S 1 becomes a pomonoid if we extend the ordering on S to 1 S by considering 1 as an incomporable element in 1 S. As in the unordered case, (see [11] ) it is straightforward to show that if S 1 * U S 2 is the amalgamated free product in the category of posemigroups of the posemigroup amalgam [U ; S 1 , S 2 ] then 1 (S 1 * U S 2 ) is isomorphic to 1 S 1 * 1 U 1 S 2 the amalgamated free product in the category of pomonoids of the pomonoid amalgam [
. Consequently we shall consistently deal with pomonoid amalgams from now on.
In [10] , Sohail introduced the amalgamated free product in a slightly different way. For the diagram of pomonoids and pomonoid morphisms
the amalgamated free product P is isomorphic to P ′ /ρ, where P ′ is the pushout in the category of monoids, which is then endowed with the trivial order '=' and ρ is the order congruence induced by the relation
where
≤ i is the partial order on S i and θ i : S i → P ′ are the canonical morphisms.
As in most categories the pomonoid amalgam A = [U ; S 1 , S 2 ] is embeddable if and only if it is naturally embeddable in its free product.
Let [U ; S 1 , S 2 ] be an amalgam of pomonoids. We define a direct system of U −posets (Y n , k n ) whose direct limit is isomorphic to S 1 * U S 2 . The process is very similar to that in the unordered case and we direct the reader to [11] for more details. Let 
, where δ n−2 is the
and let k n−1 : Y n−1 → Y n be the associated U −poset morphism defined by k n−1 (y n−1 ) = (y n−1 ⊗ 1)δ n−2 . Then (Y n , k n ) n≥1 is a direct system in the category of U −posets.
As with the unordered case, a typical element of Y n is
We shall denote this by y n = [s 1 , . . . , s n ] and a typical element of S 1 * U S 2 by (s 1 , . . . , s n ). The proof of the following major result is almost identical to that in the unordered case and is left as an exercise.
Theorem 2.7. Let [U, S 1 , S 2 ] be an amalgam of pomonoids. Then, (S 1 * U S 2 , ϕ n ) is the direct limit in the category of (U, U )−posets of the direct system (Y n , k n ) n≥1 where ϕ n :
If we define, for n ≥ 2,
then it is straightforward to show the following results
Lemma 2.8. The pomonoid amalgam A = [U ; S 1 , S 2 ] is weakly embeddable (resp. poembeddable) if and only if for all n ≥ 1 the maps k n and h n are monomorphisms (resp. order embeddings).
Lemma 2.9. Let the pomonoid amalgam [U ; S 1 , S 2 ] be weakly embeddable (resp. poembeddable) and ϕ 2 : Y 2 → S 1 * U S 2 is one to one. Then, the pomonoid amalgam is strongly embeddable (resp. poembeddable) if and only if
Let U be a subpomonoid of a pomonoid S. Then U has the right poextension (resp. extension) property in S if the map X → X ⊗ S, x → x ⊗ 1 is an order embedding (resp. monomorphism) for every right U −poset X. The left poextension property is defined dually. We say that U has the poextension (resp. extension) property in S if for every left U −poset X and right U −poset Y the map X ⊗ Y → X ⊗ S ⊗ Y, x ⊗ y → x ⊗ 1 ⊗ y is an order embedding (resp. monomorphism). If U has the poextension (resp. extension) property in every pomonoid containing U , then we shall say that U is absolutely poextendable (resp. extendable). Let U be a subpomonoid of a pomonoid S. We shall say that the pair (U, S) is a weak amalgamation (resp. poamalgamation) pair if for every pomonoid T containing U the amalgam [U ; S, T ] is weakly embeddable (resp. poembeddable). U is called an weak amalgamation (resp. poamalgamation) base if for every pomonoid S, (U, S) is a weak amalgamation (resp. poamalgamation) pair. Theorem 2.10. Let (U ; S) be a weak poamalgamation (resp. amalgamation) pair in the category of pomonoids. Then U has the poextension (resp. extension) property in S.
Proof. We prove this for poamalgamation pairs. The other argument being similar. Let X be a right U −poset and Y a left U −poset. Suppose Z = X∪Y and extend the action of U on X and Y to a bi-action on Z as follows. Let u.x = x, y.u = y for all x ∈ X, y ∈ Y , u ∈ U . It is easy to check that Z is a (U, U )−poset. Let Z (0) = U , Z (1) = Z, and
It is clear that T is a monoid. T is also a poset with order induced from the order on the components Z (n) . The compatibility of this order follows easily from Lemma 1.2. Hence U is a subpomonoid of the pomonoid T and so [U ; S, T ] is a pomonoid amalgam which, by assumption, is weakly embeddable in its amalgam free product. Therefore the following diagram
But λ 2 is an order embedding and so xy ≤ x ′ y ′ in T . Now the map X ⊗ Y → T given by x ⊗ y → xy is an order embedding since if xy ≤ x ′ y ′ in T then from the definition of the multiplication on T we have
and so
Corollary 2.11. Let U be a weak poamalgamation (resp. amalgamation) base in the category of pomonoids. Then U is absolutely poextendable (resp. extendable).
Pounitary subpomonoids and amalgmation
The concept of a unitary subsemigroup has been known to be related to the question of embeddability of amalgams since Howie's pioneering work in [7] . Gould and Shaheen [6] generalised this concept for posemigroups during their study of projective covers of pomonoids. We generalise this even further and provide a number of connections with amalgamation. Let U be a subpomonoid of the pomonoid S and let v, u, u 1 , u
. . s n ∈ S. We shall say that
Left-handed versions of these conditions are defined in a dual manner. If both the right and left handed version hold then we shall omit the prefix. The implications represented by the following diagram are fairly clear.
The implications are strict as the following examples demonstrate. In [6] it is shown that if a pomonoid U is right unitary in S then it need not be right pounitary in S. 
then it is easy to check that U is pounitary in S but since 1 ≤ be and ae ≤ 1 then U is neither upper or lower strongly right pounitary in S.
Notice that if U is strongly right pounitary in S then S \ U is a right U −poset and S is the coproduct in the category of right U −posets of U and S \ U . For this reason we feel that the strongly right pounitary property is a very natural analogue for the right unitary property within in the category of posets over pomonoids.
Let X be a left U −poset and suppose that 1 ⊗ x ≤ 1 ⊗ x ′ in S ⊗ U X. Then there exists n ≥ 1 and x 2 , . . . , x n ∈ X, s 1 , . . . , s n ∈ S, and u 1 , . . . , u n , v 1 , . . . , v n ∈ U such that
If U is right pounitary in S then s i ∈ U for 1 ≤ i ≤ n and hence x ≤ s 1 u 1 x ≤ s 1 v 1 x 2 ≤ . . . ≤ x ′ and so U has the left extension property in S. Consequently we can deduce Theorem 3.1. Let U be a subpomonoid of a pomonoid S and U be a (left, right) pounitary in S then U has the (right, left) poextension property in S.
Let f : X → Y be an U −order embedding. Then, we can extend the pounitary concepts as follows. Let u, v, u 1 , u
Notice that if f : X → Y is right pounitary and if f (x) ≤ y ≤ f (x ′ ) with x, x ′ ∈ X, y ∈ Y then clearly y ∈ im(f ) and so f is convex.
The following statement is easy to prove and they will be used later. 
Lemma 3.3. Let U be a submonoid of a pomonoid S and let f : X → Y be a right pounitary U −poset morphism. Then the induced map f ⊗ 1 :
. . .
Since f is pounitary then there exists x i ∈ X, 1 ≤ i ≤ n such that y i = f (x i ) and since f is an order embedding then we have a scheme
That many of these unitary properties are preserved under direct limits is demonstrated by the following result. Proof. We will prove this result for upper strongly pounitary, the case for lower strongly pounitary being similar. Suppose that ϕ 
Since ϕ i is a right (upper, lower) strongly pounitary then there exists
, since ϕ j is an order embedding. This complete the proof. 
We can assume that the number of α(R) terms is minimal. If there are no such terms then y ⊗ 1 ≤ y ′ ⊗ 1 in Y ⊗ U S and so y ≤ y ′ since U has the poextension property in S. Otherwise For each i there exists a scheme
where s ij , s
is an order embedding. Since the canonical map X ⊗ U S → X is monotone, we deduce
Since f is strongly pounitary then y i = f (x i ) and y
By Lemma 3.2 and its dual it follows that there exists
, and since f ⊗ 1 is an order embedding that x ≤ x 1 s 1 . In a similar way x
′ from which it follows that g is an order embedding.
We show that g is upper strongly pounitary, lower strongly pounitary following by a similar argument. Suppose that (y
Hence there exists n ≥ 1 and s i , s ′ i ∈ S, and y i , y
As before assume that the number of α(R) terms is minimal. If there are no such terms then we deduce that y ⊗ 1 ≤ y ′ ⊗ su. By the dual of Lemma 3.2 it follows that su ∈ U and so s ∈ U . Hence, (y ′ ⊗ s)σ = (y ′ s ⊗ 1)σ = g(y ′ s). Otherwise, for each i we can construct a scheme as in ( * * ) and deduce that y i = f (x i ) and y
. Again using Lemma 3.2 and its dual we deduce that there exists x, x ′ ∈ X with y = f (x),
) and the result follows.
We are now in a position to state and prove the main result of this section.
Theorem 3.6. Let [U ; S 1 , S 2 ] be a pomonoid amalgam. If U is strongly pounitary in both S 1 and S 2 then the amalgam is strongly poembeddable and U has the poextension property in S 1 * U S 2 .
Proof. Construct the direct system (Y n , k n ) as in Theorem 2.7. From Theorem 3.1, U has the poextension property in both S 1 and S 2 and hence, the map
is an order embedding. To show the map
Since U is strongly pounitary in S 2 then by the dual of Lemma 3.2 we can deduce that s 2 ∈ U . Hence
In a similar way the map S 2 → Y 2 is strongly pounitary. It follows from Theorem 3.5 that for all n ≥ 1, the map k n : Y n → Y n+1 is a strongly pounitary order embedding. Hence, the amalgam is weakly poembeddable by Lemma 2.8. To show that the amalgam is strongly poembeddable we use Lemma 2.9. Suppose therefore that
Then there exists a scheme
Since U is strongly pounitary in S 1 , then s 1 , s 11 , . . . , s 1m ∈ U . Hence, s 1 ⊗ 1 ≤ 1 ⊗ s 2 in U ⊗ S 2 ∼ = S 2 and so s 1 ≤ s 2 . In a similar way, s 2 ≤ s 1 and so s 1 = s 2 ∈ U and the amalgam is strongly poembeddable. It follows from Theorem 3.5, Theorem 2.7 and Lemma 3.4 that U is strongly pounitary in S 1 * U S 2 .
Commutative pomonoid amalgams
Lemma 4.1. Let U be a subpomonoid of a pomonoid S and U suppose that U has the poextension (extension) property in S. If λ : X → Y is a convex U −poset morphism and if y ⊗ 1 = λ(x) ⊗ s in Y ⊗ S, then y ∈ imλ.
Proof. Suppose that y ⊗ 1 = λ(x) ⊗ s in Y ⊗ U S and consider the commutative diagram
where P is the pushout. It is known from [1] that tensor products preserve pushouts in the category of U −posets and so in P ⊗ U S we have α(y)⊗ 1 = αλ(x)⊗ s = βλ(x)⊗ s = β(y)⊗ 1. Since U has the extension property in S then α(y) = β(y) and hence from Lemma 1.5 there exist x ∈ X such that y = λ(x).
From now on we assume that S is a commutative pomonoid. It is well-known (see for example [10] ) that in the category of commutative pomonoids the amalgamated free product of a pomonoid amalgam [U ; S 1 , S 2 ] reduces to the tensor product S 1 ⊗ U S 2 .
Theorem 4.2. Let [U, S 1 , S 2 ] be commutative pomonoid amalgam and U has the poextension (resp. extension) property and is convex in both S 1 and S 2 . Then the amalgam is strongly poembeddable (resp. embeddable).
Proof. Since U has the poextension property in S 1 and S 2 , then λ 1 : S 1 → S 1 ⊗ S 2 and λ 1 : S 2 → S 1 ⊗ S 2 are order embeddings (resp. monomorphisms) and so the commutative amalgam is weakly poembeddable (resp. embeddable) in its amalgamated free product. Now, suppose that λ 1 (s 1 ) = λ 2 (s 2 ). It follows easily from Lemma 4.1 that s 1 = s 2 ∈ U . Hence the amalgam is strongly poembedable (resp. embeddable). A pomonoid S is said to be left pocancellative if x ≤ y whenever sx ≤ sy. Right pocancellativity is dual and S is pocancellative if it is right and left pocancellative. x n−1 v n−1 ≤ x n u n u n y n ≤ v n s
